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King and Ruskai asked whether the p → q norm of a completely
positive map, acting between Schatten p and q classes of Hermi-
tian operators
‖‖p→q = sup
A=A∗
‖(A)‖q
‖A‖p ,
is equal to the p → q norm of that map when acting between Sch-
atten classes of general, not necessarily Hermitian, operators. The
ﬁrst proof of this statement has been given by Watrous. Here, we
give an alternative proof that is also valid for 2-positive maps.
© 2008 Published by Elsevier Inc.
This note is concernedwith amathematical question that is related to certain problems in quantum
information theory. In quantum theory, states of ﬁnite-dimensional physical systems are represented
by density matrices, which are positive semi-definite (PSD) matrices with trace 1 supported on a
Hilbert spaceH of appropriate dimension; the set of states will be denoted byS(H), and is a subset
of the ∗-algebraB(H) of operators inH. The action of a physical apparatus on such physical systems
can be represented by a completely positive, trace preserving linearmap ofB(H), also called quantum
channel, acting on the state’s density matrix [5,6].
It is obvious that physical maps must be positive and trace preserving. A linear map  is positive
if and only if for all PSD matrices ρ, (ρ) is also PSD; it is trace preserving if and only if Tr(ρ) = Trρ
for all states ρ. The physical reason for the requirement is that physical states must be mapped on
physical states. Complete positivity has to do with the fact that maps may also be made to operate on
subsystems. A physical system consisting of two subsystems can be represented by a density matrix
supported on a tensor product of two Hilbert spaces,H =H1 ⊗H2, whereHi corresponds to the
ith subsystem and has the appropriate dimension; let d be the dimension ofH1, and n the dimension
ofH2. The physical significance of the distinction between the two spaces lies in the fact that the two
subsystemsmay reside in different places, potentially separated by large distances, so that for example
not all general basis transformations onH are physically possible.
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A linear map acting onH1 is completely positive if and only if the map⊗ 1n, which acts as
onH1 but leaves subsystem 2 invariant, is positive, for all values of n ∈ N. Positive maps for which
⊗ 1n is positive for a given n are called n-positive maps. One can show that a d-dimensional linear
map is completely positive if and only if it is d-positive.
A mathematically convenient way to express n-positivity is by using a block matrix notation. Let ρ
be a hermitian, PSD block matrix in Mn(Md(C)), ρ = [Ai,j]ni,j=1, with Ai,j ∈ Md(C), then (⊗ 1n)(ρ) is
the induced map, represented by the block matrix [(Ai,j)]ni,j=1. Thus, for example, a map is 2-positive
if and only if
(
(A) (B)
(B∗) (D)
)
 0 ∀
(
A B
B∗ D
)
 0.
Complete positivity can be completely characterised; a linear map  is CP if and only if it can be
represented as(ρ) = ∑k AkρA∗k for certain operators Ak . Another characterisation has been given by
Choi [3]. It is still an open problem to ﬁnd a corresponding characterisation of n-positivity.
An important property of a quantum state is its purity. When a state can be represented by a state
vectorψ (the ﬁnite dimensional version of a wave function), its density matrix is the projector ψψ∗ on
that vector. Such a state is called a pure state and is represented by a densitymatrix of rank 1. In general,
for a variety of reasons, states have to be represented by statistical mixtures of state vectors, and in
that case the density matrix is no longer rank 1. Such states are called mixed states. The maximally
mixed state is represented by the scalarmatrix 1d/d. Mathematically speaking, the set of statesS(H)
forms a compact convex subset ofB(H), with the pure states as extremal points.
The amount of mixing can be expressed by the so-called purity of the quantum state. Several ways
to do so exist, and in this note we restrict to purity measures based on the Schatten q-norm. The
Schatten q-norm is the non-commutative generalisation of the q norms: for a d × d matrix A and for
q 1
‖A‖q := (Tr(|A|q))1/q,
where the absolute value |A| is deﬁned as
|A| = (A∗A)1/2.
The operator norm ‖A‖ is the limiting case of q going to +∞. The maximal value ‖A‖q can attain is 1,
for pure states, and the minimal value is d1/q−1, attained for the maximally mixed state 1d/d.
A corresponding property of a CP map is itsmaximal output purity. The maximal output purity of a
completely positive linear map, as measured by the Schatten q-norm, is deﬁned as
νq() = max
A0
Tr(A)=1
‖(A)‖q.
I.e. this gives the highest purity (measured by the q-norm) an output state of the channel can attain
when varying over all possible input states. By convexity of the norm, the maximum is attained for
pure input states. This quantity is a measure of “noisiness” of the map [1], considering it as a channel
for the quantum state A. It expresses the fact that a pure state will acquire at least this amount of
mixedness when passing through the channel.
In Ref. [1] the following Proposition has been proven:
Proposition 1. The maximal output q-purity of a positive map  is equal to the 1 → q norm of , con-
sidered as a map from the Schatten 1-class 1(H) of Hermitian operators to the Schatten q-class q(H).
That is,
νq() = sup
A=A∗
A /=0
‖(A)‖q
‖A‖1 , (1)
where the condition of positivity of A is no longer required.
1438 K.M.R. Audenaert / Linear Algebra and its Applications 430 (2009) 1436–1440
For ease of reference we give a proof below.
Proof. Obviously, νq() ‖‖1→q, because the latter quantity involves a supremum over a larger
set. Conversely, we consider the Jordan decomposition A = A+ − A− of A in its positive and negative
parts A+ and A−, which are both PSD by definition. Then |A| = A+ − A−. By positivity of , we have
(A+) 0, (A−) 0. Now note that (A) = (A+) −(A−) and (|A|) = (A+) +(A−). We can
then use the folk lemma (see, e.g. [2, Lemma 1]) that for any unitarily invariant norm and for X ,Y  0,
‖X − Y‖ ‖X + Y‖, to conclude that
‖(A)‖q  ‖(|A|)‖q. (2)
The statement of the proposition follows immediately by noting that |A| can now take over the role of
ρ in the definition of νq. 
More generally, one deﬁnes the p → q norm of a CP map acting from p(H) to q(H) as
‖‖p→q := sup
A=A∗
‖(A)‖q
‖A‖p .
King and Ruskai asked [4] whether the condition that A be Hermitian can also be dropped; that is,
whether the following holds:
‖‖p→q = sup
A
‖(A)‖q
‖A‖p .
Theyhaveproved this in [4] for the casep = q = 2, and for the case of tracepreservingCPmapsbetween
2-dimensional Schatten classes with p = 1 and q 2.
A general proof has been given by Watrous [8] for any CP map and for all values of p, q 1. In this
notewe present an alternative proof, which shows that the statement holds somewhatmore generally,
namely for all 2-positive maps:
Theorem 1. LetH andH′ be twoHilbert spaces. For any p, q 1, and any 2-positive linearmap acting
from the Schatten classes of Hermitian operators p(H) to q(H
′
),
‖‖p→q = sup
A
‖(A)‖q
‖A‖p ,
where A ranges over the Schatten p class of not necessarily Hermitian operators overH.
Proof. Our proof uses the well-known construction of turning a general operator A on a Hilbert space
H into a Hermitian one by deﬁning an operator on the doubled spaceH⊕H
Q :=
(
0 A
A∗ 0
)
,
which is obviously Hermitian.
There exists a unitary matrix U such that (AA∗)1/2 = U|A|U∗. The absolute value of Q is therefore
|Q | =
[(
0 A
A∗ 0
)(
0 A
A∗ 0
)]1/2
=
(
AA∗ 0
0 A∗A
)1/2
=
(
U|A|U∗ 0
0 |A|
)
.
The doubled spaceH⊕H is isomorphic to the spaceH⊗ C2. Let ⊗ 12 be the extension map of
 that operates trivially on C2. Then, using the fact that for any positive map(A∗) = (A)∗ (see, e.g.
[7], but note that an easier proof is possible for 2-positive maps), we have
(⊗ 12)(Q ) =
(
0 (A)
(A)∗ 0
)
.
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Thus
‖(⊗ 12)(Q )‖qq = Tr|(⊗ 12)(Q )|q
= Tr
∣∣∣∣
(
0 (A)
(A)∗ 0
)∣∣∣∣
q
= Tr
(
((A)(A)∗)1/2 0
0 ((A)∗(A))1/2
)q
= 2Tr|(A)|q,
where in the last line we have again used unitary equivalence of XX∗ and X∗X .
Likewise,
‖(⊗ 12)(|Q |)‖qq = Tr(⊗ 12)(|Q |)q
= Tr
(
(U|A|U∗) 0
0 (|A|)
)q
= Tr(U|A|U∗)q + Tr(|A|)q.
Here we have used 2-positivity of, implying positivity of (⊗ 12)(|Q |).
Applying the inequality (2) to the map  = ⊗ 12 and the operator X = Q , and combining with
the above results gives
2Tr|(A)|q  Tr(U|A|U∗)q + Tr(|A|)q.
Let us now impose the requirement ‖A‖p = 1. Thus, obviously, both |A| and U|A|U∗ have p-norm equal
to 1. Then, by definition of the p → q norm of,
Tr(U|A|U∗)q  ‖‖qp→q and Tr(|A|)q  ‖‖qp→q,
so that also
2Tr|(A)|q  2‖‖qp→q.
For general A, A/‖A‖p has p-norm equal to 1, so that by homogeneity,
‖(A)‖q
‖A‖p  ‖‖p→q.
Maximising over all operators A, which includes the Hermitian ones, we ﬁnd
sup
A
‖(A)‖q
‖A‖p = ‖‖p→q.
And that ﬁnishes the proof. 
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